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Reently, a striking experimental demonstration [G. Kirhmair et al., Nature, 460, 494(2009)℄
of the state-independent quantum mehanial violation of non-ontextual realist models has been
reported for any two-qubit state using suitable hoies of nine produt observables and six dierent
measurement setups. In this report, a onsiderable simpliation of suh a demonstration is ahieved
by formulating a sheme that requires only ve produt observables and two dierent measurement
setups. It is also pointed out that the relevant empirial data already available in the experiment
by Kirhmair et al. orroborate the violation of the NCR models in aordane with our proof.
PACS numbers: 03.65.Ta
Ever sine the advent of quantum mehanis(QM), a
entral issue onerning its foundations has been that
about a possible inompleteness of QM, and as to what
onstraints any realist model of quantum phenomena has
to satisfy in order to be ompatible with the empirially
veriable preditions of QM. In this regard, of ourse,
the seminal breakthrough was made through the disov-
ery of two elebrated theorems, one of whih showed an
inompatibility between QM and the loal realist mod-
els(Bell's theorem [1℄), and the other one proved that
the nonontextual realist(NCR) models are inonsistent
with the formalism of QM (Bell-Kohen-Speker(BKS)
theorem[2, 3℄).
It is, however, interesting that while the former has
been subjeted to experimental srutiny for more than
about three deades, the experimental studies related to
the latter got started just about a deade bak leading to
a resurgene of interest in probing the issue of quantum
ontextuality to a greater depth. In partiular, of late, a
urry of experiments have been reported[4, 5, 6, 7, 8, 9,
10, 20, 21℄, based on a rih variety of proposals(see, for
example, [11, 12, 13, 14, 15, 16, 17, 18℄), that seek to fur-
nish with inreasing auray and generality the demon-
strations of quantum violation of the NCR models. This
line of study has ulminated in the reent experiments
whih have been able to provide a state-independent test
of NCR models using a pair of trapped ions[10℄ and using
single photons[21℄. Given the fundamental importane
of these latest experiments, it should, therefore, be in-
teresting to probe the question as to whether a simpler
variant of these experiments with lesser number of ob-
servables and measurement setups would sue to show
in a state-independent way a signiant amount of quan-
tum violation of the NCR models. This is what preisely
this report ahieves by using an appropriate input based
on the notion of nonontextuality.
The feature haraterizing the NCR models that is
used in our subsequent argument an be expressed as
∗
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follows: For an individual measurement, the denite out-
ome obtained for an observable(say, A), as speied by
a given hidden variable λ, be denoted by v(A). Now,
let B be any other ommuting(omeasurable)observable
whose measured value in an individual measurement, as
xed by the same given λ, be denoted by v(B). Then,
if one denotes an individual outome of a measurement
of the produt observable AB by v(AB) whih is deter-
mined by the same value of the hidden variable λ, the
notion of nonontextuality (i.e., the ondition that the
predetermined individual measured value for a given λ
is the same whatever be the way the relevant dynamial
variable is measured) implies that, for a produt observ-
able, the following ondition known as the `produt rule'
given by
v(AB) = v(A)v(B) (1)
holds good independent of the experimental proe-
dure(ontext) germane to measuring AB in a holisti
way, and is also independent of the measurement on-
texts pertaining to the individual measurements of A and
B separately.
The above feature of nonontextuality was invoked by
Mermin[11℄ in order to formulate a remarkable proof
of quantum inompatibility with the NCR models for
two spin-1/2 partiles that applies for any arbitrary
state. However, Mermin's proof[11℄ relied on asribing
outomes to dynamial variables with innite preision
for measurements using the required experimental align-
ments. Thus, in order to be amenable to experimental
srutiny, Mermin's proof required to be reformulated by
taking into aount the inevitable impreisions involved
in atual experiments. This was ahieved by Cabello[18℄
by adapting Mermin's proof in a way leading to an in-
equality ouhed in terms of the statistially measur-
able quantities. This inequality(heneforth referred to
as Mermin-Cabello(MC) inequality) was derived by us-
ing the `produt rule' given by Eq.(1) and, importantly,
the quantum violation of this inequality by a nite mea-
surable amount holds good for any arbitrary two-qubit
state.
Subsequently, the quantum violation of MC inequal-
ity has been experimentally orroborated using a pair of
2trapped ions[10℄ and using single photons[21℄. A key fea-
ture of this demonstration is that it involves nine produt
observables(eah suh produt observable being a prod-
ut of observables that pertain respetively to partiles
`1' and `2') and six dierent measurement setups. Eah
of these setups pertains to the measurement of an ob-
servable whih is, in itself, a produt of three mutually
ommuting observables that are suitably hosen from the
set of nine produt observables invoked for the purpose
of this experiment. Thus, a natural question that en-
sues is whether it is possible to furnish a onsiderably
simpler version of this demonstration through lessening
of both the number of produt observables as well as the
number of measurement setups involved, and at the same
time holding good for any arbitrary state. In this report
we fous on the possibility of suh a state-independent
demonstration by using only 5 produt observables and
2 dierent measurement setups, instead of 9 produt ob-
servables and 6 measurement setups that were required
in Mermin's proof. To this end, we proeed as follows by
rst reapitulating Mermin's original proof.
Let us onsider an array of nine produt observables
suitably dened for the partiles `1' and `2', eah of whih
has the eigenvalue ±1 given by
A11 = σ
1
z ⊗ I
2 A12 = I
1 ⊗ σ2z A13 = σ
1
z ⊗ σ
2
z
A21 = I
1 ⊗ σ2x A22 = σ
1
x ⊗ I
2 A23 = σ
1
x ⊗ σ
2
x
A31 = σ
1
z ⊗ σ
2
x A32 = σ
1
x ⊗ σ
2
z A33 = σ
1
y ⊗ σ
2
y
(2)
Here, the Pauli operator σ1x denotes the spin omponent
along the x-axis of partile `1', and so on.
Now, for any quantum state of two spin-1/2 partiles,
the following six quantum mehanial eigenvalue rela-
tions hold good:
R1 |Ψ〉 =
(
σ1z ⊗ I
2
)
.
(
I1 ⊗ σ2z
)
.
(
σ1z ⊗ σ
2
z
)
|Ψ〉 = 1 (3a)
R2 |Ψ〉 =
(
I1 ⊗ σ2x
)
.
(
σ1x ⊗ I
2
)
.
(
σ1x ⊗ σ
2
x
)
|Ψ〉 = 1 (3b)
R3 |Ψ〉 =
(
σ1z ⊗ σ
2
x
)
.
(
σ1x ⊗ σ
2
z
)
.
(
σ1y ⊗ σ
2
y
)
|Ψ〉= 1 (3)
C1 |Ψ〉 =
(
σ1z ⊗ I
2
)
.
(
I1 ⊗ σ2x
)
.
(
σ1z ⊗ σ
2
x
)
|Ψ〉 = 1 (3d)
C2 |Ψ〉 =
(
I1 ⊗ σ2z
)
.
(
σ1x ⊗ I
2
)
.
(
σ1x ⊗ σ
2
z
)
|Ψ〉 = 1 (3e)
C3 |Ψ〉 =
(
σ1z ⊗ σ
2
z
)
.
(
σ1x ⊗ σ
2
x
)
.
(
σ1y ⊗ σ
2
y
)
|Ψ〉 = −1(3f)
where the quantities Ri=1,2,3 = Ai1Ai2Ai3 and Ci=1,2,3 =
A1iA2iA3i denote the produt of mutually ommuting
observables in the rows and olumns respetively of the
array given by Eq.(2).
Next, at the level of hidden variables, if we assume that
the individual predetermined measured values satisfy the
same quantum mehanial eigenvalue relations given by
Eqs. (3a-3f), then we an write the following relations in
terms of the predetermined individual measured values
for Ri and Ci using the `produt rule' given by Eq.(1)
v(R1) = v
(
σ1z ⊗ I
2
)
v
(
I1 ⊗ σ2z
)
v
(
σ1z ⊗ σ
2
z
)
= 1 (4a)
v(R2) = v
(
I1 ⊗ σ2x
)
v
(
σ1y ⊗ I
2
)
v
(
σ1y ⊗ σ
2
x
)
= 1 (4b)
v(R3) = v
(
σ1z ⊗ σ
2
x
)
v
(
σ1x ⊗ σ
2
z
)
v
(
σ1y ⊗ σ
2
y
)
= 1 (4)
v(C1) = v
(
σ1z ⊗ I
2
)
v
(
I1 ⊗ σ2x
)
v
(
σ1z ⊗ σ
2
x
)
= 1 (4d)
v(C2) = v
(
I1 ⊗ σ2z
)
v
(
σ1x ⊗ I
2
)
v
(
σ1x ⊗ σ
2
z
)
= 1 (4e)
v(C3) = v
(
σ1z ⊗ σ
2
z
)
v
(
σ1x ⊗ σ
2
x
)
v
(
σ1y ⊗ σ
2
y
)
= −1(4f)
It is seen from Eqs.(4a-4f) that on the left hand sides
every produt observable omes twie; hene the multi-
pliation of the left hand sides of Eqs.(4a-4f) yields +1,
while multiplying the right hand sides one obtains −1.
This, obviously, is in ontradition with the quantum
mehanial eigenvalue relations given by Eq.(3). This
ompletes Mermin's proof.
Here it is ruial to stress that it is the following form
of the `produt rule' that has been used in the above
argument (a la Mermin) so that, for instane, in writing
Eq.(4f)from Eq.(3f) one needs to write
v(C3) = v(A13A23A33) = v(A13)v(A23)v(A33) (5)
= v
(
σ1z ⊗ σ
2
z
)
v
(
σ1x ⊗ σ
2
x
)
v
(
σ1y ⊗ σ
2
y
)
Now, in probing the question whether a similar state-
independent inompatibility proof an be formulated by
reduing the total number of QM eigenvalue relations
that were used in Mermin's proof, what we argue here is
that this goal is ahieved if one speially invokes the
`produt rule' in a way so that Eq.(5) an be reast as
v(C3) = v(A13A23A33) (6)
= v
(
σ1z ⊗ σ
2
z
)
v
(
σ1x ⊗ σ
2
x
)
v
(
σ1y ⊗ σ
2
y
)
= v
(
σ1z
)
v
(
σ2z
)
v
(
σ1x
)
v
(
σ2x
)
v
(
σ1y
)
v
(
σ2y
)
Note that Eqs.(5) and (6) are two dierent ways of
expressing the same `produt rule' where the validity of
one neessarily entails the validity of the other. The for-
mer(Eq.(5)) involves applying the `produt rule' at the
level of a produt observable(suh as, C3) whih is, in it-
self, a produt of three mutually ommuting observables,
eah of whih, in turn, is a produt of two ommuting
observables pertaining to the partiles `1' and `2' respe-
tively. On the other hand, in writing Eq.(6), the `prod-
ut rule' has been rst applied in the form of Eq.(5), and
then has been invoked for the produt observables(suh
as A33), eah of whih is simply a produt of two om-
muting observables pertaining to the partiles `1' and `2'
respetively.
3Next, in order to see how the argument based on Eq.(6)
leads to the desired simpler inompatibility proof, the
ruial observation is that suh a proof follows easily
if only 2 (viz. Eqs.(3) and (3f)) out of 6 QM eigen-
value relations given by Eq.(3a-3f) are rewritten in terms
of the predetermined individual measured values by us-
ing Eq. (6). In fat, the relations given by Eqs.(3a),
(3b),(3d) and (3e), if written by using the form of the
`produt rule' given by Eq.(6), do not need to be tested
beause they hold both in QM and in the NCR mod-
els, as has been stressed by Cabello et al.[17℄ while
proposing an experimentally realizable sheme for testing
Peres's proof[12℄ as applied to an entangled state. For in-
stane, the left hand side of the Eq.(3a) an be written
as v(R1) = v
(
σ1z
)
v
(
I2
)
v
(
I1
)
v
(
σ2z
)
v
(
σ1z
) (
σ2z
)
where
v
(
σ2z
)
and v
(
σ1z
)
our twie, and hene the left hand
side equal to 1 in the NCR models, ompatible with the
relevant QM result.
Therefore, the relations that need to be satised in or-
der to ensure the onsisteny between QM and the NCR
models are obtained by writing Eqs.(3) and (3f) in terms
of the predetermined individual measured values using
the form of the `produt rule' given by Eq.(6). These
relations are given by
v(R3)=v
(
σ1z
)
v
(
σ2x
)
v
(
σ1x
)
v
(
σ2z
)
v
(
σ1y
)
v
(
σ2y
)
= 1 (7a)
v(C3)=v
(
σ1z
)
v
(
σ2z
)
v
(
σ1x
)
v
(
σ2x
)
v
(
σ1y
)
v
(
σ2y
)
=−1(7b)
Note that, within the framework of a hidden variable
model, Eqs.(7a) and (7b) an be interpreted as refer-
ring to a hypothetial group of pairs orresponding to
the same hidden variable speifying their same initial
`omplete state' for whih any ourrene of a given dy-
namial variable has the same predetermined measured
value, irrespetive of the experimental ontext in whih
it is measured. It is then evident that a NCR model
based on Eq.(6) annot satisfy both the relations (7a)
and (7b) simultaneously that an be seen as follows. The
multipliation of the quantities on the left hand sides
of Eqs.(7a) and (7b) gives +1 sine eah of the quanti-
ties v(σ1x), v(σ
2
y), v(σ
1
y), v(σ
2
x) , v(σ
1
z) and v(σ
2
z) appears
twie. On the other hand, multiplying the right hand
sides yields −1. This ompletes our proof of the state-
independent inompatibility between QM and the NCR
models.
Next, we ome to the question of an empirially
testable formulation of our proof. We reall that
the statistially veriable inequality based on Mermin's
argument has reently been proposed by Cabello[18℄,
and the universality of this argument has also been
demonstrated[19℄. The MC inequality for testing the
state-independent quantum violation of the NCR models
is given by
〈χ〉MC = 〈R1〉+ 〈R2〉+ 〈R3〉+ 〈C1〉+ 〈C2〉 − 〈C3〉 ≤ 4(8)
Note that, for any state of two spin-1/2 partiles, QM
violates the above inequality by prediting the left hand
side to be 6. It is interesting that very reently, this
inequality has indeed been experimentally tested [10℄ by
using a pair of trapped ions.
Now, note that the above inequality was derived using
the form of the `produt rule' given by Eq.(5). In ontrast
to this sheme, here our argument uses the form of the
`produt rule' given by Eq.(6) instead of the form given
by Eq.(5).
Then the statistially veriable formulation of our ar-
gument is quite straightforward as it immediately follows
by noting that the left hand sides of Eqs.(7a) and (7b)
represent the same produt of predetermined measured
values in any NCR model. Therefore, by using Eqs.(7a)
and (7b), we an write the following algebrai identity
γ = 1 + v(R3)− v(C3) = 1 (9)
Subsequently, taking the ensemble averages over the dis-
tribution of hidden variables orresponding to any given
quantum mehanial state, one an write using Eq.(9)
〈γ〉 = 〈I〉+ 〈R3〉 − 〈C3〉 = 1 (10)
whih holds good for any NCR model satisfying the
`produt rule'. On the other hand, for any quantum
mehanial state of two spin-1/2 partiles, QM predits
〈γ〉QM = 3, thereby violating the above NCR equality.
Next, in order to ompare our proof with that ahieved
in the MC proof, we note that while the relative amount
of QM violation of the NCR models is the same for both
these proofs, the key dierene lies in the simpliation
ahieved in terms of the number of observables and set-
tings that have been used. In ontrast to the 9 produt
observables( pertaining to the partiles `1' and `2') and 6
dierent measurement setups used in the MC proof, only
5 produt observables and 2 dierent measurement se-
tups are required for the purpose of experimentally test-
ing our proof.
The setup for testing the NCR relation given by
Eq.(10) an be easily adapted from the setup already
used by Kirhmair et al.[10℄ to test the MC inequality[18℄
where they have indeed measured the quantities R3 and
C3 as dened by Eqs.(3d) and (3f) respetively by speif-
ially using a pair of trapped ions. In partiular, in this
experiment, for a singlet state, we note that the measured
values of the relevant quantities are 〈R3〉 = 0.90(1) and
〈C3〉 = −0.91(1). Thus, the relevant experimental data
already available sue to show the violation of our NCR
relation given by Eq.(10) whih is the simplest version of
the MC inequality given by Eq.(8).
Finally, we may remark that the impliation of the
`produt rule' in the light of the argument given in this
paper with regard to the vexed issue of nonloality vis-
a-vis ontextuality is urrently being probed.
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